We study projective birational maps of the form π : X → Y , where Y is a normal irreducible affine algebraic variety over C, and X is a smooth holomorphically symplectic resolution of the variety Y . Under these assumptions, we prove several facts on the geometry of the resolution X. In particular, we prove that the map π must be semismall. We also prove that any two such resolutions X 1 → Y , X 2 → Y are deformationally equivalent.
Introduction
In the recent papers [H1] , [H2] D. Huybrechts has established some new and important facts about the geometry of compact hyperkähler manifolds. In particular, he conjectured and proved in some cases the following result:
• If two simple projective holomorphically symplectic manifolds X 1 , X 2 are birationally equivalent, then they are diffeomorphic and correspond to non-separated points in the moduli space. In other words, for such a pair X 1 , X 2 there exist one-parameter deformations X 1 , X 2 over the base S = Spec C [[t] ] whose generic fibers are isomorphic as complex manifolds.
Here simple means that H 2,0 (X 1 ) = C is generated by the holomorphic symplectic form Ω ∈ Ω 2 (X 1 ), and the same is true for X 2 .
In this paper we try to establish a local counterpart of Huybrechts' results. Namely, we consider an affine complex variety X which admits two smooth projective resolutions π 1 : X 1 → Y , π 2 : X 2 → Y , and we assume that the manifolds X 1 , X 2 are holomorphically symplectic. In this situation, we prove that there exist one-parameter deformations X 1 , X 2 , Y over the base S = Spec C [[t] ] and projective maps π 1 : X 1 → Y, π 2 : X 2 → Y, such that • The fibers over the special point o ∈ S of the varieties X 1 /Y, X 2 /Y are isomorphic to the given resolutions X 1 /Y , X 2 /Y .
• The generic fibers of the varieties X 1 , X 2 are isomorphic.
In fact, we will prove slightly more. Firstly, it turns out that the generic fibers of the deformations X 1 , X 2 are not only isomorphic to each other, but they are both isomorphic to the generic fiber of the deformation Y (in particular, all these generic fibers are affine). Secondly, we can drop the smoothness assumption on the variety X 2 : it suffices to require that the resolution π 2 : X 2 → Y is crepant (see Section 1, in particular Theorem 1.3 for precise statements).
In the course of proving our main result, we establish some general facts on the geometry of holomorphically symplectic manifolds X equipped with a proper map π : X → Y . We believe that these results may be of independent interest. In particular, we prove that such a map π must necessarily be semismall (see Proposition 1.4).
We believe that our main Theorem 1.3 is of interest for two reasons. In the first place, it seems that smooth crepant resolutions of singularities which occur in complex symplectic geometry, while non-compact, share many properties with compact holomorphically symplectic manifolds and deserve detailed study in their own right. This is, for example, the point of view adopted by A. Beauville in [B] . Also, several important purely local results have been recently proved by Y. Namikawa [N1] , [N2] . The local version of Huybrechts' results that we prove here seems to further substantiate this point of view.
Secondly, while the geometric picture established in [H1] , [H2] is undoubtedly correct, there is a serious technical mistake in [H2] which invalidates much of the proof (see the erratum in [H3] ). Therefore at present the only valid proof of (•) is that of [H1] , which requires restrictive technical assumptions. We hope that the results of this paper might become useful in feeling the gaps in Huybrechts' argument. As an application of our Theorem 1.3, we disprove a conjecture made recently by V. Ginzburg [G] on the geometry of the Hilbert schemes.
The reader will find a detailed outline of the contents of the paper and precise formulations of all the results in Section 1.
1 Statements of the results.
Notations. Throughout the paper, we work over the field C of complex numbers. However, apart from an occasional reference to Hodge theory, all the proofs are algebraic, and everything works over an arbitrary algebraically closed field k of characteristic char k = 0. Birational will always mean dominant and generically one-to-one.
The main subject of this paper will be what we will call symplectic resolutions.
Definition 1.1. A symplectic resolution is a pair X, Y of a normal irreducible affine complex algebraic variety Y and a smooth irreducible holomorphically symplectic variety X equipped with a projective birational map π : X → Y .
Note that by the Zariski's connectedness Theorem, these assumptions imply that Y = Spec H 0 (X, O X ), so that both Y and the map π : X → Y can be recovered from the manifold X. We will sometimes drop the explicit reference to the variety Y and simply call the manifold X itself a symplectic resolution. From this viewpoint, the projectivity of the map π : X → Y is a condition on the manifold X. Symplectic resolutions occur naturally in many contexts -both in the local study of birational maps X → Y between compact algebraic varieties and independently, as smooth resolution of various affine singular spaces Y . In this regard, we note that our notion of symplectic resolution is stronger that the notion of a symplectic singularity recently introduced by A. Beauville [B] . The difference is the following: we require the symplectic form Ω on X to be non-degenerate everywhere, while in Beauville's case it suffices that Ω is non-degenerate outside of the exceptional locus of the map π : X → Y . On the other hand, our notion is very close to the notion of a symplectic contraction introduced by J. Wierzba [W] .
The condition of projectivity of the map π : X → Y is probably too strong. We feel that all our statements should hold in the case when π is proper. However, we have not been able to prove anything in this more general case.
We can now formulate the main results of the paper. Denote by S = Spec C[[t]] the one-dimensional formal disk, let o ⊂ S be the closed point, and let η = Spec C((t)) ⊂ S = Spec C[[t]] be the generic point (in other words, the punctured disk). Our first result is the following.
Theorem 1.2. Let X be a symplectic resolution. Then there exists flat deformations X /S, Y/S and an S-map π : X → Y such that
To generalize it, recall that a birational map π : X → Y between normal irreducible algebraic varieties X, Y which admit canonical bundles
defined over the non-singular locus extends to an isomorphism over the whole manifold X. Every symplectic resolution π : X → Y is automatically crepant. Indeed, the canonical bundle K X is trivial -a trivialization is given by the top power of the symplectic form Ω. Since Y is normal, the map π : X → Y is an isomorphism over the complement U Y ⊂ Y to a subvariety of codim ≥ 2. This implies that K Y is also trivial (in other words, Y is Gorenstein). Therefore we have
The main result of the paper is the following.
Theorem 1.3. Let π : X → Y be a symplectic resolution. Assume given another normal variety X ′ and a crepant projective map π ′ : X ′ → Y . Then there exist flat families
and projective family maps π : X → Y, π ′ : X ′ → Y such that (i) The special fibers X o , X ′ o , Y o are isomorphic, respectively, to X, X ′ , and Y , and these isomorphisms are compatible with the maps π, π ′ .
(ii) The rational map f = π −1 • π ′ : X ′ X is an isomorphism between the generic fibers X η , X ′ η .
This reduces to Theorem 1.2 if we set X ′ = Y and π ′ = id (the identity map). We have formulated Theorem 1.2 separately because it is simpler to prove than the whole Theorem 1.3. We first prove Theorem 1.2, then use it to prove Theorem 1.3.
In the course of proving Theorem 1.3, we also establish the following Proposition (which may be of independent interest).
Proposition 1.4. Every symplectic resolution π : X → Y is semismall. In other words, for every closed irreducible subvariety Z ⊂ Y we have
We can now give a more detailed outline of the paper.
• In Section 2 we study the geometry of a symplectic resolution π : X → Y . Here the main result is Proposition 1.4. We also consider a different crepant birational map π : X ′ → Y from a different, possible singular algebraic variety X ′ and derive several properties of the birational map X X ′ .
• In Section 3, we give a sketch of the deformation theory for holomorphically symplectic manifolds developed in [KV] .
• In Section 4, we fix an ample line bundle L on the quasiprojective symplectic resolution X. Then we use the results of Section 3 to produce a canonical one-parameter deformation X , L , X → S of the pair X, L over the formal disk S which we call the twistor deformation. This deformation satisfies the requirement of Theorem 1.2.
• In Section 5, we use the twistor deformation to prove our main Theorem 1.3.
• Finally, Section 6 is devoted to a concrete geometric application of our results. We consider a particular non-smooth crepant resolution X of the quotient singularity Y = C 4 /G, where G is the Weyl group of type G 2 , and C 4 is considered as twice the corresponding Cartan algebra. We prove that the existence of X and our Theorem 1.3 taken together imply that Y does not admit a smooth projective crepant resolution. This disproves a recent conjecture of V. Ginzburg [G] .
2 Geometry.
2.1 Semismallness. Let π : X → Y be a symplectic resolution in the sense of Definition 1.1. As we have already noted, the canonical bundles K X , K Y of the varieties X, Y are trivial. Since X is smooth, this implies that Y has canonical singularities. By [E] , this in turn implies that the singularities of the variety Y are rational. However, the latter can proved directly, without using the general theorem of [E] .
Lemma 2.1. The higher direct images R i π * O X , i > 0 are trivial.
for i ≥ 1 by the vanishing theorem of Grauert and Riemenschneider [GR] .
We see that the singularities of the variety Y are indeed rational. It is well-known that this implies that the variety Y is Cohen-Macaulay, and that the first relative cohomology sheaf R 1 π * C X with coefficients in the constant sheaf C X vanishes. Another corollary is that H k (X, O X ) = 0 for k ≥ 1. Since Y is affine, this follows directly from (2.1) by the Leray spectral sequence.
We will now turn to the non-trivial geometric property of X/Y , namely, Proposition 1.4. The proof proceeds along the standard lines used, for example, in the paper [V1] . Proposition will be derived from the following fact.
Lemma 2.2. Let π : X → Y be symplectic resolution. Denote by Ω ∈ Ω 2 (X) the symplectic form on the manifold X. Let σ : Z → U be a smooth map of smooth algebraic manifolds, and assume given a commutative square
Then there exists a 2-form Ω U ∈ Ω 2 (U ) on U such that
Before we prove this Lemma, we would like to make the following remark. The conclusion of the Lemma is essentially a condition on the restriction η * Ω -namely, the claim of the Lemma holds if and only if η * Ω(ξ 1 , ξ 2 ) = 0 for every two tangent vectors ξ 1 , ξ 2 to Z at least one of which is vertical with respect to the map σ : Z → U . Since the map σ : Z → U is smooth, this is an open condition. Therefore it suffices to prove the claim generically on U . Shrinking U if necessary, we may assume that the fibered product X × Y U admits a projective simultaneous resolution Z, so that we have a commutative diagram
Then the pair Z → U also satisfies the assumptions of the Lemma. Moreover, to prove the claim for an arbitrary Z, it obviously suffices to consider the case Z = Z. Therefore without any loss of generality we may impose an additional assumtion on the map σ : Z → U :
Proof of Lemma 2.2. The short exact sequence
We have to prove that the 2-form η * Ω in fact is a section of the subsheaf σ * Ω 2 (U ) ⊂ Ω 2 (Z). We will do it in two steps.
Step 1: η * Ω 2 (U ) ∈ F. The proof of this step is an application of an idea of J. Wierzba [W] . It suffices to prove that for every point u ∈ U , the restriction of the form η * Ω to the fiber
vanishes. To see this, consider the complex-conjugate (0, 2)-form Ω. Since H 2 (X, O X ) = 0, the Dolbeault cohomology class Ω vanishes. Therefore the Dolbeault cohomology class η * Ω Zu also vanishes. But the manifold Z u is compact, smooth and projective. By Hodge theory, we obtain η * Ω = 0 on Z u .
Step 2: η * Ω ∈ σ * Ω 2 (U ). We have proved that η * Ω is a section of the sheaf σ * Ω 1 (U ) ⊗ Ω 1 (Z/U ). Therefore for every point u ∈ U and for every Zariski tangent vector ξ ∈ T u U at the point u we have a well-defined 1-form α = η * Ω ξ on the fiber Z u . We have to prove that α = 0 for every u ∈ U , ξ ∈ T u U .
Since Z u is a smooth projective manifold, the 1-form α is closed, and it suffices to prove that the cohomology class [α] ∈ H 1 (Z u , C) vanishes. Let X u = X × Y u be the (possibly singular) fibered product. By our additional assumption, the map η : Z u → X u ⊂ X is generically one-to-one.
By construction, the form α vanishes on every non-trivial fiber F ⊂ Z u of the map η : Z u → X u . Indeed, for every tangent vector ξ ′ to the manifold F we have α(ξ ′ ) = Ω(ξ, dη(ξ ′ )) = 0 since dη(ξ ′ ) = 0. Therefore the cohomology class [α] also vanishes on every
Proposition 1.4 is deduced from Lemma 2.2 by a standard argument which we omit to save space (see [V1, Proposition 4.16] or [W, Section 3] ).
2.2 Birational maps. Let now π : X → Y be a symplectic resolution, and assume given a different, possibly singular, irreducible normal variety X ′ equipped with a crepant birational map π ′ : X ′ → Y . Then we have birational maps
The following fact is probably standard in birational geometry; we have included a proof for the convenience of the reader. The argument is borrowed from [H1, 2.2].
Lemma 2.3. (i)
The rational map f −1 : X ′ X is defined and injective on a complement U ⊂ X ′ to a closed subset Z ⊂ X ′ of codimension codim Z ≥ 2.
(ii) The pullback f * : Pic(X ′ ) → Pic(X) is an embedding from the Picard group of X ′ to the Picard group of X.
(iii) For every line bundle L on X ′ the canonical map
is an isomorphism.
Proof. To prove (i), note that every birational map is defined on the complement U ⊂ X ′ to a closed subvariety of codimension ≥ 2; the problem is to prove that f −1 : U → X is an embedding. By assumption, the variety X ′ is normal. Therefore, shrinking U ⊂ X ′ if necessary, we can further assume that the definition subset U ⊂ X ′ is smooth. Since the maps X → Y , X ′ → Y are crepant, the canonical bundles K X , K X ′ are trivial. This means that the Jacobian of the map f −1 : U → X is a section of the trivial line bundle -in other words, a function which we denote by ∆.
Being a function, ∆ must extend to the whole normal variety X ′ . By the Zariski Connectedness Theorem this implies that ∆ is lifted from a function ∆ on the variety Y .
But both maps π ′ and π are invertible over the complement U Y ⊂ Y to some closed subset X ⊂ Y of codimension codim Z ≥ 2. This means that ∆ is also invertible on U Y , which implies that it is invertible everywhere.
This shows that the map f −1 : U → X isétale, hence an embedding.
To prove (ii), it suffices to notice that f •f −1 is defined and identical on an open subset U 0 ⊂ U whose complement is of codimension ≥ 2. Therefore f * induces an embedding from Pic(U 0 ) to Pic(X). Since X ′ is normal, Pic(X ′ ) is a subgroup in Pic(U 0 ). This proves (ii). Moreover, we have injective maps
is the identity map. This proves (iii). Lemma 2.3 (i) gives a constraint on the map f −1 : X ′ X. We will also need another constraint which goes in the other direction.
Lemma 2.4. Let π : X → Y be a symplectic resolution, and let π ′ : X ′ → Y be a projective crepant generically one-to-one map. The birational map
Proof. Let W ⊂ X be the indeterminacy locus of the map f : X X ′ , and let Z = π(W ) ⊂ Y . To prove the Lemma, it suffices to prove that codim Z ≥ 3. Since codim W ≥ 2, the only possibility that we have to exclude is the following:
of the birational map f : X X ′ and let π 1 : Γ → X, π 2 : Γ → X 2 be the canonical projections. Since W 0 lies in the indeterminacy locus W ⊂ X, its
is not only generically finite, but also generically one-to-one.
Consider now the discrepancy disc(E) of the exceptional divisor E in the resolution X ′ → Y . On one hand, since X ′ → Y is crepant, this discrepancy is equal to zero, disc(E) = 0. On the other hand, since X → Y is also crepant and the projection π 2 : Γ → X ′ is generically one-to-one over E, the discrepancy disc(E) coincides with the discrepancy of the divisor π −1 1 (W 0 ) = π −1 2 (E) ⊂ Γ in the resolution π 1 : Γ → X. This latter discrepancy cannot be equal to zero, since codim W 0 > 1 and X is smooth.
Combining Lemma 2.3 (ii),(iii) and Lemma 2.4 will be especially useful in the proof of our main theorem because of the following.
Corollary 2.5. In the notation of Lemma 2.4, let L ′ be an ample line bundle on X ′ , and let U = Y \Z be the open subset constructed in Lemma 2.4. Then
Proof. Since the canonical bundle K X is trivial, the second claim follows from the first by the Grauert-Riemenschneider vanishing. The first is a direct corollary of Lemma 2.4.
Deformation theory.
In order to study symplectic resolutions, we need an appropriate version of Kodaira-Spencer deformation theory. We will use the theory proposed recently by the author jointly with M. Verbitsky [KV] . We will not use the results of [KV] in full generality, but only in a very particular case. To make the present paper self-contained, we have decided to state here all the necessary facts, while omitting proofs and unnecessary details. In order to make the material more accessible by placing it in a familiar context, we have also included a reminder on some known facts from deformation theory, in particular on some results of Z. Ran. The reader will find all the omitted details and much more in the paper [KV] .
Notation For every integer n ≥ 0, denote by S n = Spec
A deformation of order n of a complex manifold X is by definition a flat variety X n /S n whose fiber over o ∈ S n is identified with X. Since S k ⊂ S n for k ≤ n, every deformation X n /S n of order n defines by restriction a deformation X k /S k of order k for every k ≤ n. By a compatible system of deformations we will understand a collection of deformations X n /S n , one for each n ≥ 1, such that X n /S n restricted to order k ≤ n coincides with the given X k /S k .
In [Bo] , F. Bogomolov has proved the following remarkable fact:
• Let X be a smooth projective holomorphically symplectic complex manifold. Then every first-order deformation X 1 /S 1 of X extends to a compatible system of deformations X n of all orders n ≥ 1.
This fact has been generalized to Calabi-Yau manifolds by G. Tian [T] and A. Todorov [To] . Later, a purely algebraic proof has been given by Z. Ran.
We will now describe this proof. Recall that the general deformation theory associates to an n-th order deformation X n /S n a certain class
called the Kodaira-Spencer class (here T (X n /S n ) is the relative tangent bundle, and Ω 1 (S n ) is the O(S n )-module of Kähler differentials over C).
The class θ n measures the non-triviality of the deformation X n /S n . It would be natural to try describe all the deformations X n /S n in terms of the associated Kodaira-Spencer classes θ n . However, this is not possible, since the cohomology group that contains θ n itself depends on the deformation X n /S n .
The key observation in Ran's approach is that this difficulty can be circumvented if one studies deformations step-by-step, by going through the embeddings i n : S n ֒→ S n+1 . Indeed, assume given a deformation X n /S n of order n, and assume that the deformation X n is further extended to a deformation X n+1 /S n+1 . Then we can restrict the Kodaira-Spencer class θ n+1 to S n and obtain a cohomology class
Applying the canonical projection i * n Ω 1 (S n+1 ) → Ω 1 (S n ) to this class θ n gives the order-n Kodaira-Spencer class θ n . However, the O(S n )-module i * n Ω 1 (S n+1 ) is strictly bigger than the module Ω 1 (S n ) -we have a short exact sequence
Thus on one hand, the class θ n lies in a cohomology group defined entirely in terms of X n , while on the other hand, this class carries information about the next order deformation X n+1 .
Formalizing this, Ran proves the following (where "lifting" is taken with respect to the canonical surjection in (3.1)).
Lemma 3.1 (Ran's criterion). Assume given an n-th order deformation X n /S n of the complex manifold X. Denote by θ n ∈ H 1 (X n , T (X n /S n ) ⊗ Ω 1 (S n )) the associated Kodaira-Spencer class.
Then the deformation X n /S n extends to a deformation X n+1 /S n+1 of order n + 1 if and only if the class θ n lifts to a class θ n ∈ H 1 (X n , T (X n /S n ) ⊗ i * n Ω 1 (S n+1 )).
Moreover, such liftings are in one-to-one correspondence with the isomorphism classes of the extended deformations X n+1 /S n+1 .
Remark 3.2. Note that for n = 1 this Lemma reduces to the standard fact: deformations of order 1 are classified, up to an isomorphism, by cohomology classes in the group
Lemma 3.1 corresponds to what Ran called T 1 -lifting property. Having established this property, Ran then uses Hodge theory to construct all the necessary liftings. This proves the theorem.
In the paper [KV] , this proof of the Bogolomov Theorem has been generalized to a certain class of non-compact holomorphically symplectic manifolds. We will not need the full generality of [KV] . It suffices to know that the results apply to holomorphically symplectic manifolds X with H k (X, O(X)) = 0 for k ≥ 1. By Lemma 2.1, this holds for all symplectic resolutions π : X → Y .
To pay for such a generalization, one has to change the notion of a deformation. Namely, introduce the following.
Definition 3.3. A symplectic deformation X /S of a holomorphically symplectic complex algebraic manifold X, Ω over a local Artin base S is a smooth family X /S equipped with a closed non-degenerate relative 2-form Ω ∈ Ω 2 (X /S), such that the fiber over the closed point o ∈ S is identified with X, Ω .
In the theory of symplectic deformations, the tangent sheaf T (X /S) is replaced by a certain complex K q (X /S) of sheaves on X . This complex
is the first term of the Hodge (=stupid) filtration of the relative de Rham complex Ω q (X /S), shifted by −1, -in other words, we set
with the de Rham differential. The cohomology of the complex K q (X /S) can be included into a long exact sequence
where H k DR (X /S) is the relative de Rham cohomology of X over S. By assumption the coherent cohomology H k (X , O(X )) vanish for k ≥ 1. Therefore for k ≥ 1 we have isomorphisms
The Gauss-Manin connection ∇ thus induces a connection on the higher cohomology groups of the complex K q (X /S).
The role of the Kodaira-Spencer class in the symplectic theory is played by the class θ = ∇(Ω) ∈ H 1 (X , K q (X /S)) ⊗ Ω(S) obtained by applying the Gauss-Manin connection to the class of the relative symplectic form Ω ∈ Ω 2 (X /S). In particular, for an order-n symplectic deformation X n /S n we obtain a canonical class
In the sequel, the only results of [KV] that we will need are the following two properties of the class θ n .
Lemma 3.4.
(i) The image τ (θ n ) ∈ H 1 (X n , T (X n /S n ) ⊗ Ω 1 (S n )) of the class θ n under the canonical map
is the usual Kodaira-Spencer class for the deformation X n /S n .
(ii) The Ran's Criterion (Lemma 3.1) holds literally for symplectic deformations, with the relative tangent bundle T (X k /S k ) replaced with the complex K q (X k /S k ).
Twistor deformations.
4.1 The construction. Let X be a smooth projective symplectic resolution. To construct symplectic deformations of the manifold X, we need a supply of cohomology classes in the group
Such a supply is provided by Chern classes of line bundles on X. Indeed, recall that the Chern class c 1 (L) ∈ H 1,1 (X) of a line bundle L on X equals
where [L] ∈ H 1 (X, O * X ) = Pic(X) is the class of L in the Picard group. But the d log map obviously factors through a map d log : O * X → K q (X) → K 0 (X) = Ω 1 (X).
Therefore for every line bundle L we have a canonical Chern class
which projects to the usual Chern class under the map τ : K q (X) → Ω 1 (X). We will call it the symplectic Chern class c 1 (L) of the line bundle L. More generally, if we are given a deformation X n /S n of order n and a line bundle L on X n , then this construction gives a canonical class
in relative cohomology.
Definition 4.1. Let π : X → Y be a symplectic resolution, and let L be an ample line bundles on X. A twistor deformation associated to the line bundle L is a compatible system of symplectic deformations X n /S n equipped with line bundles L such that (i) The fiber over o ∈ S n of the system X n , L is identified with the pair X, L .
(ii) The Kodaira-Spencer class θ n ∈ H 1 (X n , K q (X n /S n ) ⊗ Ω 1 (S n )) of the symplectic deformation X n /S n is equal to c 1 (L) ⊗ dt.
This notion is useful because of the following.
Lemma 4.2. Let X be a symplectic resolution. For every deformation X n /S n of an arbitrary order n, every line bundle L on X extends to a line bundle L on X n , and this extension is unique up to an isomorphism.
Sketch of the proof (compare [H1, 2.3] and [H1, Corollary 4.3] .) The deformation theory of the pair X, L is controlled by the (first and second) cohomology of the Atiyah algebra A(L) of the line bundle L, while the deformation theory of the manifold X itself is controlled by the (first and second) cohomology of the tangent bundle T (X). We have a short exact sequence
which induces a long exact sequence of the cohomology groups. But since X is a symplectic resolution, we have H i (X, O X ) = 0 for i > 0. Therefore cohomology groups H i (X, A(L)) and H i (X, T (X)) are isomorphic
This lemma shows that the (isomorphism classes of the) line bundles L on X n are completely defined by their restrictions to the special fiber X ⊂ X n . Combining it with Lemma 3.4 (ii), we immediately get the following. 4.2 Algebraization. Taking the direct limit X ∞ = lim → X n of the order-n twistor deformations X n /S n , we obtain a formal scheme X ∞ over the power series algebra C [[t] ]. This formal scheme is smooth over C [[t] ]. It carries a line bundle L and a relative symplectic form Ω ∈ Ω 2 (X ∞ /S).
We can now use the ampleness condition on L to obtain not just the formal scheme, but an actual deformation over the formal disc S = Spec C[[t]].
Proposition 4.4. There exists a Noetherian affine scheme Y/S which is normal, irreducible and flat over the base S, a smooth scheme X /S also flat over S, a projective birational S-scheme map π : X → Y of finite type, a line bundle L on X very ample with respect to the map π and a relative symplectic form Ω ∈ Ω 2 (X /S) such that the formal scheme X ∞ , L with the bundle L is the completion of the pair X , L near the fiber over the special point o ∈ S, and the form Ω on X ∞ is the completion of the form Ω ∈ Ω 2 (X /S).
Proof. Consider the C[[t]]-algebra
and let Y = Spec A. The algebra A is complete with respect to the (t)-adic topology. The quotient A/(t) coincides with the algebra O(Y ) of functions on the affine variety Y . Therefore A is Noetherian. Moreover, A obviously has no t-torsion, so that Y is flat over
Let Y ∞ be the completion of Y near the special fiber Y ⊂ Y. Then the formal scheme X ∞ is proper over the formal scheme Y ∞ , and the line bundle L extends to a bundle on the formal scheme X . Therefore we can apply the Grothendieck Algebraization Theorem [EGA, III, Théorème 5.4.5] which claims the existence of the scheme X /Y and the bundle L satisfying the conditions of the Proposition, except possibly for the smoothness of X and the normality of Y. Moreover, we have
which implies that π : X → Y is birational and that π * O(X ) ∼ = O(Y).
It remains to prove that X is smooth and that Y is normal. Since π * O(X ) ∼ = O(Y), the second follows from the first. Thus we have to prove that the scheme X is regular at every point x ∈ X . It is well known that regularity is stable under generization. Therefore it suffices to consider only closed points x ∈ X .
Fix such a point x ∈ X . If the point x lies in the special fiber X ⊂ X , then the regularity on X at x is equivalent to the regularity of the formal scheme X ∞ at x. This immediately follows from the construction of X ∞ . If the point x lies in the generic fiber X η ⊂ X , then it has no direct relation to the formal scheme, and a priori there is no reason for X to be regular at x ∈ X .
However, the latter situation cannot occur. Indeed, since the map π : X → Y is proper, the point π(x) ⊂ Y is also closed. But the scheme Y is the spectrum of a ring complete with respect to the (t)-adic topology. Therefore the residue field k(π(x)) must also be complete with respect to the (t)-adic topology. Since k(π(x)) is a field, this implies that the ideal (t) ⊂ O(Y) maps to zero under the "evaluation at π(x)" map O(Y) → k(π(x)). This means that π(x) ⊂ Y lies in the special fiber Y ⊂ Y, and therefore x ⊂ X lies in in the special fiber X ⊂ X .
Finally, the existence of the form Ω ∈ Ω 2 (X /S) satisfying the conditions of the Proposition is immediate from [EGA, III, Proposition 5.1.2] .
Note that this statement is not a mere formality -on the contrary, it has direct geometric meaning. Indeed, while the formal scheme X ∞ is concentrated set-theoretically on the special fiber X ⊂ X ∞ , the scheme X /S has a perfectly well-defined generic fiber over the generic point η ∈ S. To pay for this, we have to introduce the scheme Y which is not of finite type over S. This has certain counterintuitive corollaries. For instance, the construction of the twistor deformation is essentially local on Y -if we have an open affine subset Y 0 ⊂ Y , then the pullback X 0 = X × Y Y 0 admits a twistor deformation X 0 /Y 0 , and we have canonical comparison maps
However, it is unlikely that these maps are open embeddings.
Remark 4.5. The name twistor deformation comes from hyperkähler geometry: if the holomorphically symplectic manifold X admits a compatible hyperkähler metric, then the twistor deformation X ∞ is simply the completion of the twistor space Tw(X) along the fiber over the point 0 ∈ CP 1 . It might be possible to reverse the construction and obtain the whole twistor space Tw(X) from the twistor deformation X ∞ , thus giving a purely algebraic construction of a hyperkähler metric on the non-compact manifold X. Proposition 4.4 can be considered as the first step in this direction. However, at present it is unclear how to proceed any further.
The generic fiber.
We can now prove the following Proposition, which immediately implies Theorem 1.2.
Proposition 4.6. Let π : X → Y be a symplectic resolution equipped with an ample line bundle L. Consider the twistor deformation X ∞ associated to the line bundle L, and let π : X → Y be the family of schemes over
Then the map π induces an isomorphism π : X η → Y η between the fibers over the generic point η ∈ S.
Proof. 1 The generic fiber Y η = Y × S η is open in the normal scheme Y (indeed, it is the complement to the closed special fiber Y ⊂ Y. Since the scheme Y is normal, the open subscheme Y η ⊂ Y is also normal. Since the map π : X → Y is birational, it suffices to prove that it is finite over the generic point η ∈ S. Moreover, by construction the map π : X η → Y η is projective. Therefore by [EGA, IV, Théorème 8.11 .1] it suffices to prove that it is quasifinite -in other words, that its fibers do not contain any compact curves.
Let ι : C → X η be an arbitrary map from a compact curve C/η to X η . Replacing C with its normalization, we can assume that the curve C/η is connected and smooth. Since the point η = Spec C((t)) is in fact the punctured disk, the curve (or rather, the family of curves) C/η has a well-defined Kodaira-Spencer class
Moreover, by functoriality of the Kodaira-Spencer classes, for every k-form α ∈ Ω k (X /S) we have
where θ ∞ ∈ H 1 (X , T (X ∞ /S)) is the Kodaira-Spencer class of the family X /S. In particular, we have
where Ω is the symplectic form. Since C is a curve, we have ι * Ω = 0. We deduce that ι * (Ω θ ∞ ) = 0. But by definition of the twistor deformation we have Ω θ ∞ = τ (θ ∞ ) = c 1 (L).
Therefore ι * c 1 (L) = 0. Since the line bundle L is ample, this is possible only if ι : C → X η is a projection onto a point in the generic fiber X η .
5 The main theorem.
We now turn to the proof of our main Theorem 1.3. Throughout this section, we will work in the following setting. We assume given a projective symplectic resolution π : X → Y and a different irreducible normal variety X ′ equipped with a projective birational crepant map π ′ : X ′ → Y . We fix a relatively very ample line bundle L on X/Y and a relatively very ample line bundle L ′ on X ′ /Y , so that we have
where Proj is taken on the variety Y . By virtue of Lemma 2.3 (ii), the Picard group Pic(X ′ ) is canonically embedded into the Picard group Pic(X). Therefore every line bundle on X ′ defines a line bundle on X. By abuse of notation, we will denote both by the same letter. Then by Lemma 2.3 (iii) we have
In other words, global sections of the bundles (L ′ ) ⊗k are the same, whether computed on X or on X ′ .
We denote by π : X → Y the twistor deformation of the pair X, L , whose existence is guaranteed by Proposition 4.4. We know that Y is a Noetherian affine scheme, flat over S = Spec C[[t]], X is smooth over S and projective over Y, and the fiber of the map π : X → Y over the special point o ∈ S is identified with the given symplectic resolution π : X → Y . Moreover, the line bundle L extends to a relative very ample line bundle L on X , so that we have
Finally, the fiber π : X η → Y η of the map π : X → Y over the generic point η ∈ S is an isomorphism. Theorem 1.3 is an immediate corollary of the following fact.
Proposition 5.1. There exists a normal irreducible scheme X ′ equipped with a projective birational map π ′ : X ′ → Y such that X ′ is flat over S, the special fiber π ′ : X ′ o → Y o = Y of the map π ′ is identified with the given crepant resolution π ′ : X ′ → Y , and the generic fiber π :
The construction of the scheme X ′ is straightforward -it is exactly the same as used in [H1] . We notice that by Lemma 4.2, the line bundle L ′ on X canonically extends to a line bundle L ′ on X . By analogy with (5.1) we set
By construction, X ′ is a normal irreducible scheme equipped with a canonical projective birational map π ′ : X ′ → Y. It carries an ample line bundle, which, by abuse of notation, we will denote by the same letter L ′ . To prove that X ′ is flat over S, it suffices to prove that the C[[t]]-modules H 0 (X , (L ′ ) ⊗k ) have no torsion -which is obvious. Moreover, since π : X → Y is an isomorphism over the generic point η ∈ S, the generic fiber map π ′ : X ′ η → Y is also an isomorphism. Thus, to prove Proposition 4.6, it suffices to identify the fiber X ′ o ⊂ X ′ over the special point o ∈ S with the given crepant resolution X ′ /Y . This identification, split into a sequence of lemmas, takes up the rest of this Section.
Lemma 5.2. The special fiber X ′ o of the scheme X ′ /S is irreducible.
Proof. We have
therefore it suffices to prove that the graded algebra k≥0 H 0 X , (L ′ ) ⊗k /t has no zero divisors. But the base change theorem for the flat map π : X → S shows that the canonical map
is injective. Since X ′ is irreducible, the algebra on the right-hand side has no zero divisors.
Lemma 5.3. The scheme X ′ is Cohen-Macaulay and has trivial canonical bundle
Proof. We obviously have
To prove that K X ′ ∼ = O X ′ , it suffices to prove that the canonical rational map f = π −1 • π ′ : X ′ X is defined and injective outside of a subvariety Z ⊂ X ′ of codimension ≥ 2. Moreover, since both π and π ′ are isomorphisms over the generic point η ∈ S, it suffices to prove that f is defined and injective on the special fiber X ′ o outside of a subvariety Z ⊂ X ′ o of codimension ≥ 1. But X ′ o is irreducible by Lemma 5.2, and the maps π : X → Y , π ′ : X ′ o → Y are both generically one-to-one.
Thus K X ′ is trivial. This means that the map π ′ : X ′ → Y is crepant. Since Y has a smooth crepant resolution π : X → Y, the singularities of Y, hence of X ′ , are canonical. This implies that these singularities are rational by [E, II, Théorème 1] . Hence X ′ (and Y) are Cohen-Macaulay.
Lemma 5.4. The special fiber X ′ o ⊂ X ′ is normal.
Proof. Since X ′ is Cohen-Macaulay, the hypersurface X ′ o ⊂ X ′ is also Cohen-Macaulay. Thus by Serre's criterion it suffices to prove that X ′ o is nonsingular in codimension 1. This splits into two parts.
(i) The scheme X ′ is non-singular in codimension ≤ 2.
(ii) The function t on X ′ which cuts the hypersurface X ′ o ⊂ X ′ has no critical points in codimension ≤ 2 (in other words, the differential dt is a non-vanishing 1-form on a smooth open subset U ⊂ X ′ whose complement is of codimension codim X ′ \ U ≥ 3).
To prove these claims, we will use the technique of valuations (see, e.g., [K2, Section 1] for an overview). Let Z ′ ⊂ X ′ o ⊂ X ′ be an irreducible subvariety of codimension codim Z ′ = 2. Consider the valuation v of the fraction field C(X ′ ) = C(X ) = C(Y) associated to the exceptional divisor E of the blowup of X ′ in Z ′ .
As explained in [K2, Section 1.3] , the discrepancy of the divisor E in fact depends only on the variety X ′ and on the valuation v, not on the particular geometric realization of this valuation. We will denote it by disc(v, X ′ ). Moreover, since both X and X ′ are crepant over Y, the discrepancy disc(v, X ) = disc(v, X ′ ) = disc(v, Y) = disc(v) is the same when computed with respect to X , X ′ ot Y.
Since K X ′ is trivial, the number disc(v) = disc(v, X ′ ) = disc(v, X ) is either 1 or 0. Since the variety X is smooth, the center of the valuation v in the variety X is a closed subvariety Z ⊂ X of codimension codim Z ≤ disc(v) + 1 ≤ 2. Moreover, since π(Z) = π ′ (Z ′ ) ⊂ Y, the subvariety Z ⊂ X must lie entirely in the special fiber X ⊂ X . This excludes the possibility codim(Z) = 1 -it would mean Z = X ⊂ X , hence π ′ (Z ′ ) = π(Z) = Y ⊂ Y and Z ′ = X ′ 0 , which contradicts codim Z ′ = 2. Therefore we must have codim Z = 2 and disc(v) = 1. Since X is smooth, this in turn implies 2 that v coincides with the valuation associated to the exceptional divisor of the blow-up of X in Z. In particular, since we know that X is smooth over S, this implies that v(t) = 1 for the parameter function t ∈ O(S).
Localizing at the generic point z ′ ∈ Z ′ ⊂ X ′ and using the theory of algebraic surfaces, we see that disc(v) = 1 implies that X ′ is non-singular at z ′ . This proves (i). Then (ii) immediately follows from v(t) = 1.
Remark 5.5. Since the scheme X ′ is not of finite type over S (nor over C), the notion of the canonical bundle causes some problems. Indeed, the sheaf Ω 1 (X ′ /S) of relative Kähler differentials is not of finite rank. To make sense of its "top exterior power" K X ′ , one has to replace Ω 1 (X ′ /S) with the quotient sheaf that classifies all derivations compatible with the (t)-adic topology on the local rings of the scheme X ′ . This brings no difficulties with the notion of the discrepancy of a valuation. Indeed, all the valuations that we consider are centered at the special fiber X ′ o ⊂ X ′ , hence compatible with the topology. The same applies to the schemes X , Y.
We see that the variety X ′ o is normal and irreducible, and the projective map π ′ o : X ′ o → Y is generically one-to-one. Therefore we have a birational map To make the statement we have to prove more clear, denote by i : X ֒→ X , i ′ : X ′ o ֒→ X ′ the embeddings of the special fibers. We have a rational map f : X X ′ and a rational map of the special fibers f o : X X ′ o . These maps are compatible with the embeddings: i ′ • f o = f • i : X X ′ . We have an ample line bundle L ′ on X . By definition of the projective scheme X ′ , the line bundle f * L ′ on X is the extension to the scheme X of the given line bundle L ′ on the special fiber X. In other words, we have L ′ ∼ = i * f * L ′ . On the other hand, by constructionwe have
The statement that we have to prove is
This would have been trivial if rational maps f o and f were defined everywhere. As things stand, we only have an isomorphism on the open subset in X where both f o and f are defined. Let Z ⊂ Y be the closed subset of codimension ≥ 3 constructed in Lemma 2.4 (or rather, the union of two such subsets constructed for two crepant resolutions X ′ → Y , X ′ o → Y ). By Proposition 1.4 the preimage π −1 (Z) ⊂ X is of codimension ≥ 2. Since X is smooth, it suffices to show that L o ∼ = L ′ outside of the subset π −1 (Z). The rational map f o : X X ′ o is defined on X \ π −1 (Z) by construction. However, the map f : X X ′ a priori may be only defined on a smaller open subset.
We conclude that to prove Theorem 1.3, it suffices to prove that this does not happen -namely, that the rational map f : X X ′ is defined on the complement to the closed subset π −1 (Z) ⊂ X ⊂ X . By construction of the scheme X ′ , this is equivalent to the following lemma.
Lemma 5.6. The base locus B(L ′ ) = B(X , L ′ ) of the line bundle L ′ on X lies in the closed subset π −1 (Z) ⊂ X ⊂ X .
Proof. We want to show that the image π(B(L ′ )) ⊂ Y of the base locus B(L ′ ) under the projection π : X → Y lies in the closed subset Z ⊂ Y ⊂ Y. Since Y is affine, the claim is local on Y -in other words, the base locus B(L ′ ) ⊂ X coincides with the support of the cokernel of the canonical sheaf map π * π * L ′ → L ′ .
We have to show that the canonical map π * π * L ′ → L ′ is surjective on the preimage π −1 (U) ⊂ X . Since the projection π : X → Y is one-to-one outside of the special fiber X ⊂ X , the map π * π * L ′ → L ′ is tautologically surjective outside of the special fiber. Therefore it suffices to prove that this map is surjective on the special fiber π −1 (U ) = π −1 (U)∩ X ⊂ π −1 (U). More precisely, we have to prove that the map i * π * π * L ′ → i * L ′ is surjective on the subset π −1 (U ) ⊂ Y , where i : X → X , i : Y → Y denotes the embedding of the special fiber. By definition we have i * L ′ = L ′ , and we tautologically have i * π * π * L ′ ∼ = π * i * π * L ′ . But by Corollary 2.5 we have R k π * L ′ = 0 on U ⊂ Y for all k ≥ 1. Then the base change gives a line bundle isomorphism π * i * π * L ′ ∼ = π * π * i * L ′ ∼ = π * π * L ′ .
Thus it suffices to prove that the map π * π * L ′ → L ′ is surjective on the open subset π −1 (U ) ⊂ X. By Corollary 2.5, the line bundle L ′ is base-point free on π −1 (U ) ⊂ X, which proves the claim.
Remark 5.7. Lemma 5.6 is the first place in our construction where we have used any properties of the line bundles L ′ . In fact, we can start with an arbitrary line bundle L ′ , not related to any resolution X ′ → Y . Then everything up to Lemma 5.6 works just as well. However, Lemma 5.6 does break down. If the original line bundle does not satisfy a form of Corollary 2.5, then the indeterminacy locus of the rational map f : X X ′ may contain a divisor E ⊂ X in the special fiber X ⊂ X . In this case the graph Γ ⊂ X × Y X ′ of the map f has at least two irreducible components of dimension dim X in the special fiber Γ o ⊂ Γ: one is the graph of the rational map f o : X X ′ o , and the other lies entirely over the divisor E ⊂ X.
An application
We finish the paper with a concrete geometric application, where our Theorem 1.3 allows one to derive a result on non-existence of a smooth crepant resolution. Let V be a symplectic complex vector space. Assume that a finite group G acts on V preserving the symplectic group. Then the quotient Y = V /G is a normal irreducible algebraic variety. It is natural to ask, whether Y admits a smooth projective crepant resolution π : Y → X.
In a recent paper [V2] M. Verbitsky has obtained a strong necessary condition which the existence of X imposes on the group G. There are also examples when a smooth projective crepant resolution π : X → Y does exist. The simplest unresolved case is the following.
• V = C 2 ⊗ C 2 , the symplectic form on V is the product of a symplectic form on the second factor and an orthogonal form on the first factor, G is the Weyl group of type G 2 , which acts on the first factor preserving the orthogonal form.
Proposition 6.1. In the situation (•), the quotient Y = V /G does not admit a smooth projective crepant resolution π : X → Y .
Proof. The proof of the Proposition is based on our Theorem 1.3 and a result of M. Schlessinger on rigidity of quotient singularities. We begin with constructing a particular normal singular variety X ′ and a projective birational crepant map π ′ : X ′ → Y . The group G is the group of symmetries of a hexagon in a 2-dimensional plane. As such, it is the product of the symmetric group on 3 letters S 3 (symmetries of a triangle) and the group Z/2Z (generated by the involution ι which acts by v → −v). Therefore
where Y 0 = V /S 3 . It is known that Y 0 admits a smooth crepant resolution X 0 → Y 0 -namely, the Hilbert scheme of 3 points on C 2 whose sum is equal to 0. The reflection x → −x induces an involution ι : X 0 → X 0 . The fixed point subset Z ⊂ X 0 has two connected components: Z 0 ⊂ Z of codimension 2 in X 0 , and an isolated fixed point z ∈ X 0 .
Denote by X ′ the blow-up of the quotient X 0 /ι in the image of the subvariety Z 0 ⊂ X 0 . Then by construction we have a projective birational map π : X ′ → Y . Moreover, X ′ is non-singular everywhere except for the image x ∈ X ′ of the isolated fixed point z ∈ Z ⊂ X 0 . Near the point x ∈ X ′ , the variety X ′ has an isolated quotient singularity of the type C 4 /ι, ι(v) = −v (in particular, the Zariski cotangent space T z X ′ to X ′ at z is a complex vector space of dimension 6).
Assume that there exist a smooth projective crepant resolution X → Y . It is known that such a resolution is always symplectic (see, e.g., [K1, Proposition 3.2] ). Then we are within the scope of Theorem 1.3. Therefore there exists a deformation X ′ /S of the variety X ′ whose generic fiber X ′ η ⊂ X ′ is smooth.
But by [Sch] , for every open affine neighborhood U ⊂ X ′ of the isolated quotient singularity x ∈ X ′ , every infinitesimal deformation U n /S n must be trivial. Therefore we have a decomposition U n ∼ = U × S n and a projection U n → U . Moreover, for every compatible system of deformations U n /S n , n ≥ 0, these projections can be chosen in a compatible way.
This applies in particular to the infinitesimal neighborhoods U n /S n of U ⊂ X ′ . Therefore we obtain a projection η : U ∞ = lim → U n → U and a formal subscheme Z ∞ = η −1 (z) ⊂ U ∞ . This formal subscheme defines an actual closed subscheme Z ⊂ X ′ .
By construction, the conormal bundle N (Z ∞ , U ∞ ) to Z ∞ ⊂ U ∞ is trivial, so that the conormal sheaf N = N (Z, X ′ ) to Z ⊂ X ′ must be a flat sheaf on Z. But this is impossible. Indeed, the fiber N o = T x X ′ at the special point z ∈ Z is a 6-dimensional complex vector space. On the other hand, since X ′ η is smooth of dimension 4, the generic fiber N η of the bundle N is of rank codim(Z, X ′ ) = 4.
